The use of spin waves (SWs) as data carriers in spintronic and magnonic logic devices offers operation at low power consumption, free of Joule heating. Nevertheless, the controlled emission and propagation of SWs in magnetic materials remains a significant challenge. Here, we propose that skyrmion-antiskyrmion bilayers form topological charge dipoles and act as efficient sub-100 nm SW emitters when excited by in-plane ac magnetic fields. The propagating SWs have a preferred radiation direction, with clear dipole signatures in their radiation pattern, suggesting that the bilayer forms a SW antenna. Bilayers with the same topological charge radiate SWs with spiral and antispiral spatial profiles, enlarging the class of SW patterns. We demonstrate that the characteristics of the emitted SWs are linked to the topology of the source, allowing for full control of the SW features, including their amplitude, preferred direction of propagation, and wavelength.
INTRODUCTION
Magnetic skyrmions, particle-like textures in quasitwo-dimensional (2D) systems, are promising elements in future magnetic memory devices [1] , with complex dynamics governed by topology [2] . In systems that lack inversion symmetry, isotropic Dzyaloshinskii-Moriya (DM) interactions energetically stabilize skyrmions [3] , while anisotropic DM interactions can stabilize antiskyrmions [4, 5] with opposite topological charge [6] [7] [8] . This new class of skyrmions, along with more exotic fractional objects [9] , broaden the family of topological magnetic particles and motivate the fabrication of new materials where rich topological phenomena are expected.
The topology of these structures gives rise to fascinating properties, including the topological Hall effect in charge transport [10] [11] [12] [13] and the skyrmion Hall effect [14, 15] , in which skyrmions are deflected in a direction transverse to the applied force. Skyrmions and antiskyrmions, with opposite topological charges, have opposite lateral deviations [16, 17] . When realized in bilayers, they lead to the absence of the skyrmion Hall effect [18] [19] [20] and result in more reliable information carriers.
The non-trivial skyrmion topology affects the properties of the surrounding magnons [21] [22] [23] , collective spin excitations, relevant for future magnetic logic and memory devices [24, 25] with tailored properties [26] [27] [28] [29] . SW currents can be used to transport and process information, free of Joule heating, a significant drawback of modern electronics. Controlled SW emission with nanoscale wavelength, required for the fabrication of miniature devices, has been the subject of intense scientific investigations [30] [31] [32] [33] [34] . Notably, noncollinear spin structures, including skyrmions, allow for a controlled SW transmission [35] , while skyrmion-hosting magnetic insulators are ideal materials for microwave technologies [36] .
Here, by means of micromagnetic simulations, we consider a skyrmion-antiskyrmion bilayer in the presence of an in-plane ac magnetic field, which activates a counterclockwise (clockwise) rotation of the skyrmion (antiskyrmion) core. Spin waves emitted by the interacting gyrating cores have a preferred propagating direction, with dipole signatures in their radiation pattern, suggesting that the bilayer forms a topological charge dipole, which acts as a spin-wave antenna (see Fig. 1 ). The farfield SW amplitude can be controlled by the interlayer coupling, and the corresponding wavelength is in the sub-100 nm regime. Spiral and antispiral SW patterns are obtained in bilayers with the same topological charge and different helicity, with a rotation that depends on the topology of the source. Bilayers with the same topologi- cal charge and helicity form a monopole source and emit radially symmetric waves. Our discoveries suggest that skyrmion-antiskyrmion bilayers excited by ac magnetic fields, form topological charge dipoles, which besides being of fundamental interest, can be used as efficient SWs emitters with enriched and controlled characteristics.
RESULTS
Topological textures. We consider the following spin-lattice Hamiltonian, defined on a 2D square lattice structure,
where S r is a spin-S operator at site r, and H z = − r gµ B BS z r is the Zeeman energy along the z axis. J and D represent the exchange and DM [37, 38] couplings respectively, g is the g-factor, µ B the Bohr magneton, a is the lattice constant, and e x,y are the unit vectors in the x and y directions respectively. The DM interaction, which satisfies d ei = −d −ei , is the result of spin-orbit coupling and lack of inversion symmetry. The specific form and orientation of the unit vector d ±ei of a given material, is for the most part dictated by its crystal symmetry, and determines the chiral spin configuration.
To get an insight on the type of magnetization textures supported by the model of Eq. (1), we consider the continuum limit in which n r = S r /S, with S the total spin, turns into a field n(r), usually expressed in spherical parametrization n = [sin Θ cos Φ, sin Θ sin Φ, cos Θ] (see Supplementary Note 3 for details). Topological textures are described by Φ(r) = µφ + γ and Θ(r) = Θ(ρ), with r = (ρ, φ) the polar coordinate system, and γ the helicity. These topological solutions are characterized by an integer topological charge Q,
which denotes the mapping from the 2D magnetic system in real space into the 3D spin space [39] . Under a choice a ferromagnetic background n 0 = (0, 0, 1), the topological charge Q is related to the winding number µ as Q = −µ [4] . Depending on the crystal symmetry, both the value and the sign of µ, Q, and γ are uniquely defined. Here we consider four cases of crystal symmetry, namely cubic, interfacial, C 2v , and D 2d , depicted in Fig. 2 , while in all cases we keep J > 0, and D > 0. The cubic symmetry stabilizes a Bloch skyrmion (SB), with Q = −1 and γ = −π/2, the interfacial a Néel skyrmion (SN) with Q = −1 and γ = 0, the D 2d a Bloch antiskyrmion (AB) with Q = 1, and γ = π/2, and the C 2v a Néel antiskyrmion (AN) with Q = 1 and γ = π. In Fig.2 -(a)-(d) we summarize the various types of DM vectors for each type of symmetry, and in 2-(e)-(h) the resulting spin configurations. To make our considerations relevant to experimental studies we note that, noncentrosymmetric magnetic materials with cubic symmetry [40, 41] as well as magnetic thin films on nonmagnetic metals with strong spin orbit coupling, thus inducing interfacial DM interactions [42] , can host skyrmions. A double layer Fe on W(110) exhibits a C 2v symmetry and has been suggested to support antiskyrmions [4] , which have been recently reported in acentric tetragonal Heusler compounds with Type I  Type II  Type III  Subtype  a  b  c  d  a  b  c  d  a  b  Composite Pair  SB-AN  SN-AB  SN-AN SB-AB  SB-SB SN-SN AN-AN AB-AB  SB-SN  AN-AB  (Q,γ) (0,−3π/2) (0,3π/2) (0,−π) (0,−π) (−2,0) (−2,0) (2,0) (2,0) (−2,−π/2) (2,3π/2) D 2d crystal symmetry [5] . Magnetic Excitations. In the following we discuss the energy spectrum of magnons supported by any of the textures depicted in Fig. 2 -(e)-(f), obtained by a numerical diagonalization of the spin wave Hamiltonian H SW . In Supplementary Note 2 we provide an explicit, detailed construction of H SW and information on the diagonalization procedure. Usual propagating SWs carry energy E = ε gap + ( 2 /2m)k 2 , where ε gap = gµ B B is the gap due to the magnetic field, k is the radial momentum, and m = 2 /2JS 2 a 2 is the magnon mass. In addition, there exist a number of localized states, corresponding to deformations of the skyrmion [21, 43] . Of particular importance for the present study is the counterclockwise (CCW) mode for the skyrmion core, which has been experimentally measured in the skyrmion-hosting ferrimagnetic insulator Cu 2 OSeO 3 in the GHz regime [46, 47] . The high-energy part of the magnon spectrum corresponds to bands that reside at THz frequencies [48] .
From the obtained values of magnon energies around any of the textures of Fig. 2 , we conclude that the magnon spectrum is insensitive to the choice of Q and γ. We observe however, that the sense of gyration of localized deformations depends on the sign of Q. Local modes of the skyrmion with a CCW sense of gyration, correspond to clockwise (CW) modes for the antiskyrmion. This observation is confirmed by an analytical derivation of the magnon eigenvalue problem derived in the continuum model, given explicitly in Supplementary Note 3. We numerically confirm the existence of a CCW mode for the skyrmion, with energy E 0 ≈ ε gap , and of a CW mode for the antiskyrmion, at the same energy. These modes describe a rotation of the out-of-plane spin components around the (anti)skyrmion core in a (CW) CCW manner, and can be excited by an in-plane ac magnetic field [49] . The remaining of the localized modes are depicted in Fig. S4 , where we plot the energies of the 10 lowest-lying magnon modes as a function of the external magnetic field.
Skyrmions in Bilayers. We now proceed by considering a bilayer of magnetic materials, such as the one illustrated in Fig. 1 , where each layer hosts a texture with finite topological charge that can be any of the ones depicted in Fig. 2 Table I , and are categorized in three different types. Type I includes all possible combinations of particles with opposite topological charge, Type II of the same charge and helicity, and Type III of the same charge and different helicity. As we demonstrate below, the dynamics of the topological particles, as well as the characteristics of the emitted SWs, strongly depend on the composite pair type.
The two layers are coupled through a ferromagnetic interaction, H int = −J int r S 1 r · S 2 r , with J int > 0, the interlayer ferromagnetic coupling. J int can be tuned experimentally by introducing a spacer between the two layers, such as a nonmagnetic insulating material [6, 50] . For reasons of simplicity, in all considered cases, the J and D couplings in both layers have the same strength, thus the skyrmion and antiskyrmion have the same size. The two particles interact via a potential of the form
where R i are the collective coordinates of position for each particle [51, 52] , and R 0 = |R 1 −R 2 | [53] . In Supplementary Note 3, we calculate E int for all bilayer types based on the continuum model. From Fig. S5 , where we present E int as a function of R 0 , we conclude that E int is an even function in R 0 and depends on both Q and γ.
Topological Charge Dipole as a SW antenna. We now turn to the main task of this paper and calculate the magnetization dynamics of the bilayer by numerically solving the Landau-Lifshitz-Gilbert (LLG) equation [54] to evaluate the time evolution of n i r (t) = S i r (t)/M s , for each of the i = 1, 2 layers, with M s the saturation magnetization. The dynamics is governed by the total Hamiltonian,
r + n x,2 r ) describing the presence of a time-periodic in-plane magnetic field of frequency ω. We consider two coupled monolayers of a finite lattice of 180 × 120 sites in the xy plane, and periodic boundary conditions. The simulations were performed using J = 1, Gilbert damping α = 0.08, b 0 = gµ B B 0 /JS = 0.1, and unless explicitly stated, D = 1. Time t, frequency ω, and space r are given in dimensionless units. Physical units are restored ast = t/JS,r = ra, andω = JSω/ . The full LLG simulation is up to 10 4 time steps. We numerically verify that H osc activates the CCW (CW) mode for a skyrmion (antiskyrmion), signaled by a resonance peak at ω b (see Methods for details on the micromagnetic simulation). For J int = 0, ω = 0.6, and b = 0.6, each of the uncoupled layers emits radially symmetric SWs with a structure similar to the one depicted in Eq. 3-(e).
To simplify the description of the time evolved magnetization, we focus on two salient quantities; the particle's center of mass R i and the amplitude of the far-field emitted SWs. The former corresponds to the collective coordinates of position of the skyrmion core at each layer i = 1, 2 [55] ,
written here for the continuum model, with ν = x, y, while an expression for the discrete model is given in Eq. negative to the positive charge, oscillates back and forth along a straight line (green line). This is understood by employing Thiele's approach [56] to obtain the equation of motion of R 0 in the limit Q α. We then find −4πQ νµṘ µ 0 = f ν 0 (t), where i = 1, 2 is the layer index, Q the charge of layer 1, µ, ν = x, y, and νµ is the antisymmetric tensor. Here f ν 0 (t) parametrizes the relation between R 0 and the gyrotropic mode activated by the in-plane ac magnetic field (see Supplementary Note 3 for a discussion on the Thiele equation). In view of the numerical results, we use the ansatz f ν The second prominent feature when examing Fig. 3 is the directionality of the radiated SWs, depending on the type of bilayer system. The behavior of Fig. 3-(d) , where we depict a snapshot of δn z r (t) for the Type I-(a) bilayer, implies that a topological charge dipole creates directional spin waves, explored further in Fig. 4 for the various subtypes. The preferred radiation direction coincides with the direction of the charge separation path, obtained by rotating the x axis by an angle ψ = tan −1 [sin(γ)]. This is further supported by the radiation pattern δn z k illustrated in Fig. 4 -(g)-(i) [see Methods for a definition of δn z k ]. Simple inspection reveals that δn z k presents the characteristic two source dipole feature, suggesting that δn z r (t) has an azimuthal φ distribution of the form ∼ sin(φ − ψ) [31, 57, 58] . The helicityγ of Fig. 4 and Supplementary Movies 1, 2, and 3, respectively. In Fig. 3 , further results are provided for the SW generation process in Type II and III. In Type II, both textures with the same Q and γ perform identical paths, with a vanishing charge separation distance R 0 = 0. SWs exhibit symmetric radiation patterns [see The physics of the spiral-shape formation is understood in terms of the gyrating motion of R 0 , which plays the role of the source for magnetization oscillations, similarly to other rotating sources that radiate waves with spiral profiles [59] [60] [61] . The direction of the spiral rotation, as illustrated in Fig. S1 of Supplementary Note 1, depends on the topological charge Q. Spirals of Type III-(a), with R 0 circulating in a CCW manner, have opposite direction of rotation compared to antispirals of Type III-(b), with R 0 circulating in a CW manner. Far-Field Spin Wave Amplitude. We now focus on the characteristics of the on-resonance directional SWs of Type I bilayers, and identify the signatures of the charge interaction in the radiation field. To study the features of the emitted SWs irrespective of a particular direction, we define the far-field SW amplitude as
where magnetization is examined over the area J of an annulus centered around the skyrmion core, with inner (outer) radius ρ (P ), comprised of N J lattice sites. T = 2π/ω is the period of the ac field, and we use P = ρ + 5a throughout. To capture the characteristics of the SWs generated far from the core, we focus on ρ ≥ 30a. In the limit ρ → 55a, thus at the edge of the simulated area, A → 0 due to the finite Gilbert damping α. Fig. 5 summarizes the dependence of the far-field amplitude A on the interlayer coupling J int for the Type I (II) bilayer illustrated by the red (blue) line, under a choice of J/D = 1, b = 0.6 (B = 0.6JS/gµ B ), and ρ = 55a. An anticipated result is illustrated, namely the linear dependence of A on J int for the Type I bilayer, indicating that the source of the directional SW radiation is indeed an interacting charge dipole, and that changing J int is an excellent mechanism to tune the SW amplitude. The inset of Fig. 5 shows the dependence of A on ρ for J int = 0.3J, and as expected, for both types of bilayers, vanishes fast due to the finite α. For Type II, A shows a weak dependence on J int , suggesting that even when the layers interact, the SWs remain unaffected by this coupling. Finally, Type III shows an irregular behavior on J int presented in Supplementary Note 1, that could be the result of interference patterns, or that an annulus area J is an unsuitable choice for the analysis of emitted SWs with a spiral structure.
The far-field amplitude A can be enhanced by tuning the D/J ratio, presented in Fig. 6 , for four different values of D/J. For a fixed value of J int and b, the skyrmion and antiskyrmion profiles get deformed as the ratio D/J is decreased, in the direction parallel to the axis of SW emission. To avoid deformations, we tune the parameter J int to realize textures of approximately the same size. We use J int /J = {0.3, 0.2, 0.05, 0.012}, for D/J = {1, 0.8, 0.5, 0.3}. It becomes apparent that as D/J is decreased and the system becomes less rigid, the far-field SW amplitude is increased in value, with a (J/D) 2 scaling, and vanishes at distances further away from the source. Finally, we reveal an additional mechanism to tune A by varying the external out-of-plane magnetic field b. The overall picture suggested by Fig. S3 given in Supplementary Note 1, where we plot A as a function of b for J/D = 1, J int = 0.3J, and ρ = 55a, is that A is decreased fast by increasing b for both Type I and II. For large magnetic fields b 0.7 the spins tend to align along the direction of the field, and local perturbations of the z-component vanish. We expect that A can be further manipulated by tuning the layer thickness [62] and the perpendicular magnetic anisotropy [19] , an investigation that we leave for future work.
Dispersion
Characterization. An estimate of the dispersion relation and the wavelength λ of the emitted SWs is obtained by analyzing the radiation patterns δn z k for the various bilayer Types as a function of the excitation frequency ω. To minimize finite size effects we consider a larger lattice of N x × N y sites in the xy plane, with N x = 360 and N y = 120. We examine the results of Fig 7-(a) , where we plot the radiation pattern δn z k , for J int = 0.3J, b = 0.6 (B = 0.6JS/gµ B ), and two frequencies, the resonance frequency ω = ω res , and ω = 0.7. We first note that for ω = ω res there is a distinct short wavelength propagating mode at k res = 0.65a −1 for Type I, k res = 0.8a −1 for Type II, and k res = 0.57a −1 for Type III, with k 2 = k 2
x + k 2 y the radial momentum. The location of k res on the colored surface of δn z k of Fig. 7-(a) is indicated with a red rhombus, with a corresponding intensity δn z kres . We observe that δn z kres , plotted in Fig. 7-(b) , takes its maximum at ω res and remains finite for small window of frequencies around ω res , before it diminishes for ω 0.7. A small shift on the resonance frequency is observed for Type I, ω res = 0.63, probably caused by a shift of the CCW (CW) energy at finite J int . We conclude that k res is a short wavelength resonant mode activated by the gyrotropic motion of the particle core, further enhanced by the bilayer coupling and with properties linked to the topology of the emitter.
Besides the resonant mode, we identify a long wavelength mode, with a k vector indicated by a yellow circle in Fig. 7-(a) . This is the usual SW mode expected for the ferromagnetic layer, with a quadratic dispersion E/JS = b + a 2 k 2 , plotted in Fig. 7-(c) . We note that, for frequencies away from resonance, the amplitude of this mode dominates over the magnon spectrum, while its wavelength can be tuned by varying the external frequency ω. To reach however, the wavelength of the resonant mode at k res = 0.63a −1 and ω = 0.6, a larger excitation frequency ω = 1 is required. In the inset of Fig. 7-(c) , we depict small deviations of the recorded energy values E from the quadratic dispersion at small k wavevectors, for all bilayer Types. Whether such deviations are the result of the finite system size considered here, deserves further future investigation. In physical units of J = 1 meV, J/D = 4, J int /J = 0.3, B = 324 mT, a = 1 nm, S = 1 and excitation frequency ω = 57 GHz, a skyrmion of radius 44 nm emits resonance modes of wavelength λ = 2πJa/Dk res = 42 nm. Due to the nanoscale of the skyrmion core, the emitted SWs have sufficiently short wavelengths in the sub-100 nm regime.
DISCUSSION
We have theoretically studied the formation of topological charge dipoles in skyrmion-antiskyrmion bilayers, with a directional SW radiation that exhibits clear dipole signatures in the radiation pattern. The SW emitter is the gyrotropic motion of the interacting skyrmionantiskyrmion core, activated by ac in-plane magnetic fields. The topological charge separation performs a time-periodic motion along the direction of the SW radiation, determined by the helicity of the source. The resonant magnetic dipole fields are collective modes of the bilayer with sufficiently short wavelengths in the sub-100 nm regime, and a far-field amplitude controlled, among other mechanisms, by the interlayer coupling. SWs with a spiral or antispiral pattern can emerge in bilayers hosting particles with the same Q but different γ. The origin of the observed SW generation process is attributed to the gyrating motion of the charge separation distance, with a sense of rotation that depends on Q. Bilayers with same Q and γ form a monopole source and emit radially symmetric waves.
Efficient spin wave emission has been the topic of intensive theoretical and experimental investigations, due to their potential applications in the field of spintronic devices. Arrays of spin torque nano-oscillators (STNO), nanoscale electrical contacts to a ferromagnetic metallic film [63] , can be used to create directional spin wave radiation [31] . In this setup, SW radiation is not symmetrical as the result of interference patterns of excitations originating from two or more STNO placed in an array. In addition, theoretical studies predict that spin waves with a spiral profile are emitted from a gyrotropic rotation of a dynamical skyrmion in metalic Spin-Hall oscillators (SHO) systems [60] , in the limit of sufficiently large magnitudes of D and applied charge current. Spiralling spin-wave emission patterns have been experimentally observed in a stack of dynamically excited vortex cores with opposite circulations and parallel cores [30, 64] . In our proposed system, waves are radiated along a preferred axis in the 2D plane from a combination of two single emitters in different layers, forming a coupled bound state that corresponds to a topological charge dipole. Such a mechanism does not rely on spin wave interference, and is thus more reliable and robust. It also offers more advantages, since it can be realized in a large variety of skyrmion-hosting materials, including magnetic insulators, relevant for high-power applications. It is also independent of mechanisms that require particular fabrication of magnetic elements with tailored properties, as is done in magnonic crystals [65, 66] . Besides the fundamental interest of our results, we anticipate our findings to lead to the development of novel efficient SW emitters and SW antennas, with tunable characteristics linked to the topology of the source.
METHODS

Micromagnetic Simulations
To simulate the magnetization dynamics of the insulating bilayer, we numerically solve the Landau-Lifshitz-Gilbert (LLG) equation,
with H eff = (1/γ 0 )∂H/∂n i r , for each of the i = 1, 2 layers. We consider two coupled monolayers of a finite lattice of 180 × 120 sites in the xy plane. Here n i r = S i r /M s with M s = gµ B S/a 2 d the saturation magnetization, γ 0 is the gyromagnetic ratio, α is the Gilbert damping coefficient describing spin relaxation, and d the layer thickness. The value of the uniform field ranges between 0.6 ≤ b ≤ 0.9, of the interlayer coupling between 0 ≤ J int ≤ 0.3, of the external frequency between 0.6 ≤ ω ≤ 0.85. The initial spin configurations supported by the Hamiltonian Eq. (1), before the onset of the oscillating field, correspond to spin textures carrying a finite Q and are calculated by means of a Monte Carlo simulated annealing method. They correspond to initial states for the simulation of the time-evolution of magnetic moments of Eq. 5. We numerically verify that a time-oscillating field along the x direction activates the CCW mode for a skyrmion and the CW mode for an antiskyrmion, signaled by a resonance peak at ω b.
Skyrmion/Antiskyrmion Center of Mass
The collective coordinate of position R ν i , for a spin field n i r defined on a discrete square lattice, is given by
Here σ i r = (Ω i r,r+aex,r+aex+aey + Ω i r,r+aex+aey,r+aey )/4π (7) is the discretized topological charge [67] over a square plaquette centered at r + 1 2 a(e x + e y ), computed in terms of the solid angles subtended by the spins at sites {r, r + ae x , r + ae x + ae y } and {r, r + ae x + ae y , r + ae y } using the expression [68] tan 1 2
Finally, Q i = r σ i r is the topological charge of n i r over the entire lattice.
Fourier Transform Radiation Pattern
In order to reveal the radiation pattern of the emitted spin waves we used δn z k , the absolute value of the Fourier Transform of δn z r (t) = n z r (t) − n z FM (t), averaged over one period of the ac driving field. To further enhance the far-field spin wave amplitude features, the sign of the Hilbert Transform of δn z r (t) was obtained before taking the Fourier Transform. The full expression is given below 
SUPPLEMENTARY NOTE 1: SPIN WAVE CHARACTERISTICS
In this Supplementary Note we provide further details on the characteristics of the emitted SWs. For Type III bilayers, SWs have a spiral structure with a preferred sense of rotation determined by the sign of the topological charge of the source, as is illustrated in Fig. S1 . For two layers hosting skyrmions (antiskyrmions) with Q = −1 (Q = 1), the charge separation distance R 0 , which plays the role of the source, performs a CCW (CW) rotation, and the emitted SWs have a spiral (antispiral) shape. To verify whether the spiral SWs are emitted by a source consisting of two interacting particles, in Fig. S2 we plot the far-field amplitude A as a function of the interlayer coupling J int , for ρ = 55a. For Type III-(a), A is an increasing function for J int < 0.2, while it decreases for J int ≥ 0.2. On the contrary, for Type III-(b) A has a small decrease for small J int and later increases at a slow rate. This irregular behavior on J int could be the result of interference patterns, or unsuitable choice of an annulus area J for the analysis of emitted SWs with a spiral structure. To obtain conclusive results, a systematic way to exclude interference patterns, as well as the consideration of different geometries J , need to be employed.
Besides changing the interlayer coupling J int and the ratio J/D, an additional mechanism to tune the far-field amplitude A is by varying the external out-of-plane magnetic field b. In Fig. S3 , we plot A as a function of b for J/D = 1, J int = 0.3J, and ρ = 55a. As expected, A is decreased fast by increasing b for both Type I and II. For large magnetic fields b 0.7 the spins tend to align along the direction of the field, and local perturbations of the z-component vanish. We emphasize that no variation in the value of A appears between the various subtypes of Type I and II bilayer. A small difference of the value of A between Type I-(a)-(b) and Type I-(c)-(d) (green line) is reported in the inset of Fig. S3 , when measured closer to the source for ρ = 30a. r ± im 2 r . In the following we discuss the spectrum and form of excitations around the equilibrium magnetization profile, which can be either a skyrmion or an antiskyrmion, obtained by a numerical diagonalization of Eq. (S4), performed for J/D = 1 on a square of 30 × 30 spins with periodic boundary conditions. In Fig. S4 , we depict the energies of the 10 lowest-lying magnon modes as a function of the external magnetic field. First we note that the magnon spectrum is insensitive to the choice of Q and γ; any combination of topological charge and helicity reproduces the same energy spectrum. We observe however, that the sense of gyration of localized deformations of the magnetization profile depends on the sign of Q. Local modes of the skyrmion with a CCW sense of gyration, correspond to CW modes for the antiskyrmion. This observation is confirmed by an analytical derivation of the magnon eigenvalue problem derived in the continuum model, given explicitly in Supplementary Note 3.
Several important facts have become apparent in Fig. S4 , which we analyze. The grey shaded area represents the magnon continuum which exists above the gap due to the magnetic field ε gap = gµ B B. Below the gap of the scattering states, we find three bound states, two of them correspond to the breathing mode (blue line) and the elliptical (red line). Of particular importance for the present study is the localized state with energy just below the magnon gap (orange line), E 0 ≈ ε gap , which corresponds to the counterclockwise (CCW) mode for the skyrmion, and as already suggested, to the clockwise (CW) mode for the antiskyrmion. These modes correspond to a rotation of the out-of-plane spin components around the (anti)skyrmion core. The CCW and CW modes are excited by an in-plane ac magnetic field, while exciting the breathing mode requires an out-of-plane ac magnetic field. Finally, a zero energy mode is found, associated with translations of the skyrmion position in the 2D plane (not shown). posite pair. Topological textures with different helicities have the same interaction energy, irrespective of their topological charge (blue line). Textures with the same helicity interact via a potential that distinguishes between pairs with the same (green line) or opposite topological charge (orange line).
As a final note, we derive the equation of motion for the collective coordinate of the topological charge separation for the Type I bilayer. Employing Thiele's approach [56] in the limit Q α, we obtain the equation of motion for the collective coordinates of position of each layer R i ,
where i = 1, 2 is the layer index, µ, ν = x, y, µν is the antisymmetric tensor, E int is the interaction energy due to the interlayer coupling, and f ν i (t) is a time-periodic function of frequency ω, which parametrizes the interaction between the coordinate R ν i and the gyrotropic mode activated by the in-plane time-periodic magnetic field. For the special case of the Type I bilayer, we note that Eq. (S9) is considerably simplified by making use of the fact that the two layers host particles with opposite topological charge, Q 1 = −Q 2 , and the property ∂E int /∂R ν 1 = −∂E int /∂R ν 2 . Thus, the equation of motion for R 0 = R 1 − R 2 takes the form −Q νµṘ µ 0 = f ν 0 (t), with Q = Q 1 . In view of the numerical results for R 0 , we use the ansatz f ν 0 (t) = F ν (γ) cos(ωt), with F x (γ) = c sin(γ/2), F y (γ) = c cos(γ/2), and c a constant, allowing for a dependence on the helicity differenceγ = γ 1 − γ 2 .
